Abstract. An analytical investigation on the buckling and postbuckling behavior of carbon nanotube reinforced composite (CNTRC) sandwich cylindrical panels exposed to thermal environments and subjected to uniform axial compression is presented in this paper. Beside sandwich model with CNTRC face sheets in the literature, the present work suggests a sandwich model with CNTRC core layer and homogeneous face sheets. Carbon nanotubes (CNTs) are reinforced into matrix phase through uniform or functionally graded distributions. Effective properties of nanocomposite layers are determined according to extended rule of mixture. Formulations are based on the first order shear deformation theory taking into account Von Karman-Donnell nonlinearity. Approximate solutions are assumed to satisfy simply supported boundary conditions and Galerkin method is used to derive the closed-form expression of nonlinear load-deflection relation from which buckling loads and postbuckling paths are determined. Numerical examples are carried out and interesting remarks are given.
INTRODUCTION
Numerous studies of material scientists have demonstrated unprecedentedly wonderful mechanical, thermal and electrical properties of carbon nanotubes (CNTs) [1] [2] [3] . In addition to these superior properties, CNTs possess extremely large aspect ratio. Accordingly, CNTs are ideally used as advanced fillers into isotropic matrix phase to form carbon nanotube reinforced composite (CNTRC) known as a new class of nanocomposites. CNTs and their nanocomposites have huge potential for current and expected applications in many engineering fields, especially in aerospace science and engineering [4] . Shen's propositional work on functionally graded carbon nanotube reinforced composite (FG-CNTRC) [5] has motived studies on static and dynamic responses of structural components made of FG-CNTRC. Based on the first order shear deformation theory (FSDT) and a numerical approach, Liew and co-workers [6] [7] [8] [9] investigated linear buckling of FG-CNTRC plates under mechanical loads. Linear buckling of FG-CNTRC plates under mechanical and thermal loads has been dealt with in works of Kiani and coauthor [10] [11] [12] [13] employing Ritz method. Based on some approaches, postbuckling behavior of FG-CNTRC plates have been addressed in works [14] [15] [16] [17] [18] [19] .
Cylindrical panel is major component in many structural applications, especially in aerospace engineering. Macias et al. [20, 21] used finite element method to study linear buckling and postbuckling of FG-CNTRC cylindrical panel under axial compression. Using asymptotic solutions and a perturbation technique, Shen and his collaborator [22] [23] [24] [25] presented the results of postbuckling analyses for FG-CNTRC cylindrical panels subjected to mechanical and thermal loading conditions. Based on an analytical approach, Tung and Trang [26] [27] [28] examined the nonlinear stability of FG-CNTRC cylindrical panels under mechanical and thermomechanical loads.
Due to advanced characteristics, sandwich structures are widely used in various fields. Vibration response of CNTRC sandwich plates has been addressed in works [29] [30] [31] using some different methods. Shen and Zhu [32] made use of a perturbation technique to analyze postbuckling behavior of CNTRC sandwich plates under compressive and thermal loads. Thermal postbuckling analysis for CNTRC sandwich plates has been carried out by Kiani [33] utilizing Chebyshev-Ritz method. In aforementioned works [29] [30] [31] [32] [33] , sandwich plates are constructed from isotropic homogeneous core layer and CNTRC face sheets. Beside this model of CNTRC sandwich plate, another model of sandwich plate with CNTRC core layer and homogeneous face sheets has been suggested in recent works of Long and Tung [34, 35] . These works indicated that sandwich plate model with CNTRC core layer and thin homogeneous face sheets can give high efficiency of buckling resistance and postbuckling load carrying capabilities. To the best of authors' knowledge, there is no investigation on the nonlinear stability of CNTRC sandwich cylindrical panels under axial compression.
As an extension of previous works on thin CNTRC cylindrical panel and shell [36, 37] , this paper presents an analytical study on the buckling and postbuckling behavior of shear deformable CNTRC sandwich cylindrical panels subjected to uniform axial compression in thermal environments. Two sandwich models corresponding to CNTRC face sheets and core layer are considered. Effective elastic moduli of CNTRC layers are estimated according to extended rule of mixture. Formulations are based on the first order shear deformation theory taking into account Von Karman-Donnell nonlinearity. Analytical solutions are assumed and Galerkin method is applied to derive the closed-form expression of load-deflection relation from which buckling loads and postbuckling paths are determined.
TWO MODELS OF CNTRC SANDWICH CYLINDRICAL PANEL
Consider a cylindrical sandwich panel of axial length a, length of arc b, radius of curvature R and total thickness h. The panel is reinforced by CNTs and defined in a
coordinate system xyz origin of which is located at a corner on the middle surface, x and y axes are in axial and circumferential directions, respectively, and z axis is perpendicular to the middle surface as shown in Fig. 1 .
CNTRC sandwich cylindrical panels subjected to uniform axial compression in thermal environments. Two sandwich models corresponding to CNTRC face sheets and core layer are considered. Effective elastic moduli of CNTRC layers are estimated according to extended rule of mixture. Formulations are based on the first order shear deformation theory taking into account Von Karman-Donnell nonlinearity. Analytical solutions are assumed and Galerkin method is applied to derive the closed-form expression of load-deflection relation from which buckling loads and postbuckling paths are determined. The sandwich panel is constructed from two face sheets separated by a thicker core layer made of homogeneous or CNTRC materials. It is assumed that core layer and face sheets are perfectly bonded and thickness of each face sheet is . The present study considers two different models of sandwich panels corresponding to CNTRC and homogeneous face sheets and referred to herein as sandwich panels of type A and type B, respectively.
Two models of CNTRC sandwich cylindrical panel

Sandwich panel of type A: homogeneous core layer and CNTRC face sheets
In this type of sandwich panel, the core layer is isotropic homogeneous and face sheets are reinforced by CNTs as shown in Fig. 2 in which , , , The sandwich panel is constructed from two face sheets separated by a thicker core layer made of homogeneous or CNTRC materials. It is assumed that core layer and face sheets are perfectly bonded and thickness of each face sheet is h f . The present study considers two different models of sandwich panels corresponding to CNTRC and homogeneous face sheets and referred to herein as sandwich panels of type A and type B, respectively.
In this type of sandwich panel, the core layer is isotropic homogeneous and face sheets are reinforced by CNTs as shown in Fig. 2 in which h 0 = −h/2,
The volume fractions V CNT of CNTs in face sheets corresponding to uniform distribution (UD) and four different types of functionally graded (FG) distributions named as FG-X, FG-Λ, FG-V and FG-O are given in the works [34, 35] and omitted here for the sake of brevity. 
Sandwich panel of type B: CNTRC core layer and homogeneous face sheets
For sandwich panels of type B, the core layer is reinforced by CNTs and face sheets are isotropic homogeneous as illustrated in Fig. 3 . For sandwich panels of type B, the core layer is reinforced by CNTs and face sheets are isotropic homogeneous as illustrated in Fig. 3 . 
For sandwich panels of type B, the core layer is reinforced by CNTs and face sheets are isotropic homogeneous as illustrated in Fig. 3 . 
In this study, the properties of constituents are assumed to be temperature dependent and effective elastic moduli E 11 , E 22 , G 12 of CNTRC are determined according to extended rule of mixture as [5, 14] 
Effective Poisson ratio ν 12 of CNTRC is assumed to be position and temperature independent and is determined as
Buckling and postbuckling of CNT-reinforced composite sandwich cylindrical panels. . .
5
Subsequently, effective thermal expansion coefficients α 11 , α 22 of CNTRC layers in the longitudinal and transverse directions have the form as [13, 24, 33] 
In the Eqs. (1)÷(2c), the specific definitions of V *
and α m have been given in many previous works on CNTRC structures, for examples [5, [10] [11] [12] [13] [14] [15] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] , and are omitted here for the sake of brevity.
FORMULATIONS
In the present study, the sandwich panels are assumed to be geometrically perfect and moderately thick, and the first order shear deformation theory (FSDT) is used to establish governing equations. Based on the FSDT, strain components are expressed as
where
in which u, v, w are displacement components of the middle plane in x, y, z directions, respectively, and φ x , φ y are rotations of a normal to the middle plane with respect to y, x axes, respectively. The CNTRC sandwich panel is assumed to be thermal stress free at room temperature T 0 = 300 K and stress components are expressed as
where ∆T = T − T 0 is uniform temperature rise from initial value T 0 and
A C 
in which K S is shear correction coefficient assumed to be 5/6 in the present work. Based on the FSDT, system of equilibrium equations includes five equations and compact form of nonlinear equilibrium equation of geometrically perfect CNTRC sandwich cylindrical panel without external pressure is a 11 φ x,xxx + a 21 φ x,xyy + a 31 φ y,xxy + a 41 φ y,yyy + a 51 f ,xxyy + f ,yy w ,xx − 2 f ,xy w ,xy + f ,xx w ,yy
where f (x, y) is a stress function defined such that 
where coefficients a i2 (i = 1 ÷ 7) can be found in the work [28] . The CNTRC sandwich cylindrical panel is assumed to be freely simply supported at all edges and subjected to axial compressive pressure P x uniformly distributed on curved edges. The associated boundary conditions are expressed as
where N x0 = −P x h is pre-buckling force resultant at movable edges x = 0, a.
To satisfy boundary conditions (15), the following solutions are assumed
where β m = mπ/a, δ n = nπ/b(m = 1, 2, . . .), W is the amplitude of deflection, and A 1 , A 2 , A 3 , B 1 , B 2 are coefficients to be determined. By substituting solutions (16) into the compatibility equation (14) and two among five equilibrium equations, then following procedure described in the works [19, 28, 35] , the coefficients A i , B j are determined as
where coefficients A * 3 , B * 1 and B * 2 have their forms as in the work [28] . Now, introduction of the solutions (16) into equilibrium equation (11) and applying Galerkin method to the resulting equation lead to the following relation
and coefficients a i3 (i = 1 ÷ 4) have their forms similar to those in the work [28] and omitted here for the sake of brevity.
From Eq. (18), buckling compressive loads of CNTRC sandwich cylindrical panels are predicted as
and critical buckling compressive loads P xcr are determined by minimizing P xb with respect to numbers of half wave m, n.
RESULTS AND DISCUSSION
This section presents numerical results of buckling and postbuckling analyses for sandwich cylindrical panels in which nanocomposite layers are made of PMMA (Poly methyl methacrylate) matrix material and reinforced by (10, 10) single-walled carbon nanotubes (SWCNTs), and isotropic homogeneous layers are made of Ti-6Al-4V. The temperature dependent properties of the PMMA are assumed to be ν m = 0.34, α m = 45 (1 + 0.0005∆T) × 10 −6 K −1 and E m = (3.52 − 0.0034T) GPa in which T = T 0 + ∆T and T 0 = 300 K (room temperature), whereas those of the Ti-6Al-4V are [33] E H = 122.56 1 − 4.586 × 10 −4 T GPa,
The temperature dependent properties of the (10, 10) SWCNTs are given in Tab. 1 and, by mathematical interpolation, as continuous functions of temperature in the works [13, 23] . Determining CNT efficiency parameters is key work for successful application of extended rule of mixture. For nanocomposite reinforced by (10, 10) SWCNTs, efficiency parameters are determined by matching results of effective elastic moduli obtained by rule of mixture and molecular dynamics simulation, and given in works [14, 22, 25] [14, 33] .
There is no result of buckling analysis for CNTRC sandwich cylindrical panels in the literature. Therefore, buckling behavior of a pure CNTRC cylindrical panel under axial compression with simply supported edges is considered for the sake of verification. Results of critical buckling loads of CNTRC cylindrical panels are obtained from Eq. (20) for a special case of sandwich model of type B as h f = 0 and shown in Tab, 2 in comparison with results of Shen and Xiang [22] using asymptotic solutions and a perturbation technique. As can be seen, a good agreement is achieved in this comparison.
In what follows, buckling and posbuckling behaviors of CNTRC sandwich cylindrical panels of types A and B with square plan-form (a = b) will be analyzed. Tabs. 3 and 4 
indicate the effects of CNT volume fraction V * CNT , distribution patterns and curvature ratio a/R on the critical buckling loads of CNTRC sandwich cylindrical panels of types A and B under axial compression. i T = 300 K, ii T = 400 K. 
For sandwich panels of the type A with CNTRC face sheets, Tab. 3 shows that CNT distribution has slight effects on the critical loads. Specifically, FG-V and FG-Λ panels have slightly higher and lower values of critical loads, respectively, and critical loads corresponding to UD and FG-X panels are almost coincided.
For sandwich panels of type B with CNTRC core layer, Tab. 4 demonstrates that CNT distribution type has significant effects on the critical loads, especially for higher values of CNT volume fraction. More specifically, FG-X and FG-Λ panels have the highest and lowest critical loads, respectively, and UD type results in average critical loads of CNTRC sandwich panels. Furthermore, it is recognized from Tabs. 3 and 4 that, for both types of sandwich panels, critical loads are pronouncedly increased as CNT volume fraction and/or curvature of panels are increased, and decreased when the panels are exposed to elevated temperature.
The postbuckling behavior of CNTRC sandwich cylindrical panels of types A and B under axial compression are graphically analyzed in Figs. 4-8. As a subsequent example, the influences of curvature ratio and CNT volume fraction on the postbuckling behavior of sandwich panels with CNTRC face sheets are examined in 
Concluding remarks
An analytical investigation on the buckling and postbuckling behaviors of two models of sandwich cylindrical panels comprising CNTRC and homogeneous layers and subjected to uniform axial compression in thermal environments has been presented. From the above results, the following remarks are reached:
1. For sandwich panels of type A with CNTRC face sheets, the type of CNT distribution has relatively slight effects on the critical loads and postbuckling equilibrium paths of sandwich panels. In this configuration of sandwich panels, FG-V and types give the highest and lowest postbuckling strengths, respectively, and load carrying capability of the panel is reduced as thickness of face sheets is increased. As a subsequent example, the influences of curvature ratio a/R and CNT volume fraction V * CNT on the postbuckling behavior of sandwich panels with CNTRC face sheets are examined in Fig. 6 . Obviously, the critical buckling loads and postbuckling equilibrium paths are considerably enhanced when a/R and/or V * CNT are increased. In other words, more curved and CNT-rich panels have higher postbuckling paths. However, more curved panels (a/R = 0.2) experience an unstable postbuckling response with relatively intense snap-through instability.
Next, numerical illustrations on the postbuckling behavior of sandwich panels of type B with CNTRC core layer and homogeneous face sheets under axial compression are given in Figs. 7 and 8. Fig. 7 indicates that distribution patterns of CNTs in the core Finally, the interactive effects of h f /h ratio and CNT volume fraction V * CNT on the postbuckling behavior of sandwich panels of type B in a thermal environment (T = 400 K) are considered in Fig. 8 . It is clear that buckling loads and postbuckling paths are remarkably enhanced due to increase in h f /h ratio. In addition, effects of CNT volume fraction are more slight for larger values of h f /h ratio, i.e. thicker face sheets.
CONCLUDING REMARKS
1. For sandwich panels of type A with CNTRC face sheets, the type of CNT distribution has relatively slight effects on the critical loads and postbuckling equilibrium paths of sandwich panels. In this configuration of sandwich panels, FG-V and FG-Λ types give the highest and lowest postbuckling strengths, respectively, and load carrying capability of the panel is reduced as thickness of face sheets is increased.
2. For sandwich panels of type B with CNTRC core layer, the type of CNT distribution has significant effects on the critical loads and postbuckling equilibrium paths of sandwich panels, and FG-X and FG-O distributions give the best and worst postbuckling responses of sandwich panels, respectively. For this sandwich model, the load carrying capability of the panel is enhanced when the thickness of face sheets is increased.
3. For both models of sandwich cylindrical panels, postbuckling load-deflection paths are enhanced and reduced due to increase in the volume fraction of CNTs and environment temperature, respectively. 
